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Feasible Region in General Design Space of Lamination
Parameters for Laminated Composites
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In the classical lamination theory and the � rst-order shear deformation theory, the stiffnesses of laminated
composites can be expressed as linear functionsof 12 laminationparameters.A method is presented for determining
the feasible region in general design space of 12 lamination parameters. In some optimization problems, the
local optimum can be avoided by using lamination parameters instead of layer angles and thicknesses. Thus,
the lamination parameters are useful design variables in the layup optimization for mechanical properties of
laminated composites. To perform the layup optimization, the feasible region of the lamination parameters needs
to be known. The lamination parameters are functionals of the distribution function of � ber orientation angles
through the thickness. In the determination of the feasible region, the laminatecon� gurations are not restricted. In
the method, a variationalapproach is applied to � nd the boundaryof the feasible region in the general design space
of 12 lamination parameters. The feasible region for any set of lamination parameters can be also obtained. With
use of the method, the feasible regions in four different design spaces are examined as an example. The reliability
and the validity of the method are con� rmed.

Introduction

I N the layup design of laminated composites, lamination param-
eters, which characterize laminate con� gurations (layer angles

and layer thicknesses), are useful design variables, and a layup op-
timization method using lamination parameters is one of the most
effective and reliable methods. To use the lamination parameters as
design variables in optimizationproblems, the feasible region in the
design space of lamination parameters needs to be known.

In the classical lamination theory, the in-plane, coupling, and
out-of-plane stiffness components of laminated composites are ex-
pressed as linear functions of four in-plane, four coupling, and four
out-of-plane lamination parameters, respectively. These 12 lami-
nation parameters govern the stiffness characteristics of laminated
composites.1 In the speciallyorthotropiclaminatedplates and shells
that eliminate all coupling terms, the stiffness characteristics are
governed by two in-plane and two out-of-plane lamination param-
eters. Fukunaga and Hirano2 have used the two out-of-plane lam-
ination parameters as design variables in the buckling design. The
fundamentalrelationshipbetween two in-planeor between two out-
of-plane lamination parameters and their feasible region have been
derived by Miki3;4 and by Fukunaga and Chou.5;6 Fukunaga and
Vanderplaats7 examined the relationship between two in-plane and
two out-of-plane lamination parameters for the buckling design of
orthotropic laminated cylindrical shells, although the obtained fea-
sible region has been proved to be small in a later study performed
by Grenestedtand Gudmundson.8 Gürdal et al.9 used laminationpa-
rameters to examine discrete optimization problems for laminated
composites consisting of layers with equal thickness and restricted
layer angles. In the symmetrically laminated plates with extension–

shear or bending– twisting coupling, the four in-plane or four out-
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of-plane lamination parameters can be used as design variables,
where the four coupling lamination parameters are vanished due
to the midplane symmetry assumption. The explicit feasible region
among four in-planeor four out-of-planelaminationparametershas
beenderivedby Fukunagaand Sekine10 followinga few preliminary
studies11;12 that were performed earlier. The lamination parameters
have been used successfullyas design variables in the optimization
problems for vibration,13 buckling,14 and topologicaldesign.15

In the � rst-order shear deformation theory, the shear stiffness
should also be considered.Grenestedt16 has providedthe lamination
parameters for Reissner–Mindlin plates, where it was shown that
the shear stiffness components can be expressed by two in-plane
lamination parameters. Therefore, the feasible region considering
thecouplingeffectbetween the in-planeandout-of-planelamination
parameters is required even if the laminated plates have symmetric
layup. However, the relationshipbetween in-planeand out-of-plane
lamination parameters has not been derived so far.

Foldager et al.17 have proposed a layup optimization approach
using the convexity in the feasible region of lamination parameters,
where 12 lamination parameters are introduced based on the � rst-
order shear deformation theory. Grédiac18 has examined another
layup design procedure for classical lamination theory in which 12
lamination parameters are used in the objective function for de-
signing laminated plates with required stiffness properties. In both
studies17;18 the design variables are not lamination parameters but
layer angles for every layer. Therefore, the investigation into the
feasible region of the lamination parameters has not been made.

To obtain the global optimum in the layup design of laminated
composites, the lamination parameters should be used as design
variables instead of layer angles and layer thicknesses. The effec-
tiveness of the lamination parameters has been shown theoretically
in the researchworkperformedby Grenestedtand Gudmundson.8 In
this study, the convexityof the feasible region of lamination param-
eters is proved when there is no restrictionon layer angles and layer
thicknesses.Moreover, the feasible region of laminationparameters
for the orthotropic laminated shells is obtained analytically using a
variational approach.

The present paper shows a method for determining the feasible
region in generaldesign spaceof 12 laminationparametersbasedon
a variationalapproach.The 12 laminationparametersare considered
for a full utilization of lamination parameters in the determination
of the feasible region. To clarify the matters that demand special at-
tention in the presentmethod, the feasibleregion for a simple design
space is examined analytically.The feasible regions in three differ-
ent design spaces for vibration or buckling design of symmetrically
laminated composites are also examined numerically as examples
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of practical application.The dependencyamong the lamination pa-
rameters on the feasible region is also discussed by comparing the
obtained feasible regions.

Stiffness Characteristics and Lamination Parameters
In the � rst-order shear deformation theory, the constitutiveequa-

tions for the laminated composites are expressed in matrix form
as

8
<

:

N

M
Q

9
=

; D

2

4
A B 0

B D 0

0 0 NA

3

5

8
<

:

²0

·

°0

9
=

; (1)

where N, M, and Q are the stress, moment, and transverse shear
stress resultants, respectively;²0 , ·, and °0 are the strains, the cur-
vatures at the midplane, and the transverse shear strains, respec-
tively; and A, B, D, and NA are the in-plane, coupling, out-of-plane,
andshearstiffnesses,respectively.In the classicallaminationtheory,
the effect of transverse shear is neglected.

When the stiffness invariants and the lamination parameters are
introduced,the stiffnesscomponents Ai j , Bi j ; and Di j ; i; j D 1; 2; 6;
and also NAi j ; i; j D 4; 5; can be expressed as follows1;8:
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where h is the thickness of the plate and K is the shear correction
factor. The stiffness invariantsUi ; i D 1; 2; 3; 4; 5; and NUi ; i D 1; 2;
are material parameters de� ned as follows:
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where

Q 0
11 D E11=.1 ¡ º12º21/; Q 0
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In Eq. (8), E11; E22; G12; G23; G31; and º12 are engineering con-
stants of a unidirectional laminate. The lamination parameters in
Eqs. (2–5) are de� ned as follows:
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where » A
1;2;3;4, » B

1;2;3;4, and » D
1;2;3;4 are the in-plane, coupling, and

out-of-plane lamination parameters, respectively, and µ .Nz/ is the
distributionfunction of the � ber orientationangles through the nor-
malized thickness Nz.D 2z=h/. Note that these 12 laminationparam-
eters are not independent because they are functionals of the layup
function µ.Nz/. In the symmetric laminates, the relationships among
» A

1;2;3;4 or among » D
1;2;3;4 were obtainedanalyticallyin the literature.10

The relationships among » A
1;2;3;4 are expressed as follows:
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The relationshipsamong » D
1;2;3;4 for the symmetric laminates are ob-

tained by replacing » A
1;2;3;4 with » D

1;2;3;4 in Eq. (12). These relation-
ships show the feasible region in the design space of the lamination
parameters.

In the � rst-ordershear deformationtheory,as well as in the classi-
cal lamination theory, all stiffness components are linear functions
of the lamination parameters. Thus, the nonlinearity between the
objective functions (stiffnesses, vibration frequencies, or buckling
loads) and the design variables can be reduced remarkably, and the
optimization problems are easy to solve by an introductionof lam-
ination parameters.

In the optimization method using lamination parameters as de-
sign variables, the feasible region of the lamination parameters
needs to be known because the feasible region should be consid-
ered as a constraint. The feasible region of lamination parameters
has beenobtainedanalyticallyonly for some speci� c sets of lamina-
tion parameters.7;8 The feasible region for other sets of lamination
parameters has remained unknown. This lack of knowledge of the
feasibleregion is an obstacle in the use of the laminationparameters
as design variables.

Feasible Region Determination
Various sets of lamination parameters are necessary for different

optimization problems. In this section, we deal with a variational
method8 extended to determine the feasible region for any desired
set of lamination parameters.

In the general design space of all 12 lamination parameters, the
boundaryof the feasibleregion is obtainedby determiningthe layup
function µ.Nz/ that maximizes the following functional:
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Fig. 1 Feasible region of lamination parameters.

where
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In a geometrical interpretation, F is constant on a hyperplane
whose unit normal is k ´ .k A

1 ; : : : ; k A
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4 /.

The hyperplane is translated in the normal direction when F in-
creases.The limit of the feasibleregionof the laminationparameters
is reached at maximum F for given k. In this case, the hyperplane
comes into contact with the boundary of the feasible region, as
shown in Fig. 1. Because of the convexity of the feasible region
of lamination parameters,8 the boundary of the feasible region is
determined by obtaining the hyperplanes for all directions k.

The problem is to obtain the layup functionµ.Nz/ that maximize F
for given k. Because the layup function µ.Nz/ can be discontinuous,
the Euler equation has no meaning for this problem. An alternative
formulationfor determiningµ.Nz/ to maximize F is givenas follows:

F[µ .Nz/] ¡ F [µ.Nz/ C Á.Nz/] ¸ 0 (18)

where Á.Nz/ is a piecewise continuous test function chosen as a
narrow peak at Nz0 2 [¡1; 1/:
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where H is the Heaviside step function and ± and 1 are the width
and the height of the peak. The layup function µ.Nz/ and the test
function Á.Nz/ are shown in Fig. 2, where ± is in� nitesimal and
positive, whereas 1 is an arbitrary angle.

Fig. 2 Layup function µ ( Åz) and test function Á ( Åz).

When the test function is introduced, the requirement for deter-
mining local µ .Nz0/ is derived as follows:
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D
Z 1

¡1

fG[Nz; µ.Nz/] ¡ G[Nz; µ.Nz/ C Á.Nz/]g dNz

D
Z Nz0 C ±

Nz0

fG[Nz; µ.Nz/] ¡ G[Nz; µ.Nz/ C 1]g dNz

! ± fG[Nz0; µ.Nz0/] ¡ G[Nz0; µ.Nz0/ C 1]g

´ 1

2
±R ¸ 0 (20)

The value of R should be nonnegative for arbitrary 1 to maximize
G at local Nz0 . When trigonometric functions are used, R can be
expressed as follows:

R D 2g1.c ¡ c1/ C 4g2

¡
c2 ¡ c2
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(21)

where

gi D gi .Nz0/ (22)

c D cos[2µ .Nz0/]; c1 D cos[2µ.Nz0/ C 21]

s D sin[2µ.Nz0/]; s1 D sin[2µ.Nz0/ C 21] (23)

Because the value of 1 is arbitrary, .c1; s1/ takes an arbitrary point
on a unit circle. In the following expression, the value of R should
be nonnegativefor arbitrary c1 2 [¡1; 1]:

R D 9.c/ ¡ 9.c1/ ¸ 0 (24)

where

In the case of s D 0, the value of 91.c/ is equal to the value of 92.c/,
and 91.c1/ D 92.c1/ for s1 D 0. When the variety of 9.c1/ due
to the arbitrariness of c1 is considered, the following R¤ should be
nonnegative:
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R¤ D 9.c/ ¡ 9max ¸ 0 (27)

where 9max shows the maximum value of 9.c1/. When R¤ is non-
negative, R is also nonnegativefor arbitraryc1. R¤ can be classi� ed
as follows:

R¤ D
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where9max

1 and 9max
2 are themaximumvalueof 91.c1/ and92.c1/,

respectively.When 9max
1 is greater than 9max

2 , then 9max is given by
9max

1 . In this case, the only c¤ for maximizing 9.c/ D 91.c/ ful� lls
the requirement of R¤ ¸ 0. On the other hand, when 9max

2 is greater
than 9max

1 , only the value of c¤ for maximizing 9.c/ D 92.c/ ful-
� lls R¤ ¸ 0. Note, when 91.c/ or 92.c/ has its maximum at more
than one point, we have a nonunique solution of c¤. In the case of
9max

1 D 9max
2 , we also have nonunique solution of c¤ because c¤ for

maximizing both 91.c/ and 92.c/ ful� lls R¤ ¸ 0. Therefore, the
value of c¤ that gives maximum value of 9.c/ ful� lls the require-
ment.

The value of c¤ can be found by solving the following extremum
condition:

@91.c/

@c
D 0;
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@c
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Equation (29) leads to the following quartic equation with respect
to c:
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From the real roots cr 2 [¡1; 1] of Eq. (30), c¤ is selected to obtain
the maximum value of 9.c/. The local layer angle µ.Nz0/ is deter-
mined from the value of c¤ considering the sign of s¤. The layup
function µ.Nz/ is obtained by determining µ.Nz0/ for every in� nitesi-
mal interval ± on Nz0 2 [¡1; 1]/.

Typical examples of the characteristics of 91;2 are shown in
Fig. 3, where k D (0.16, 0.20, ¡0.32, 0.36, ¡0.16, 0.24, 0.32,
0.36, 0.20, ¡0.24, 0.36, 0.40) is given. The values of 91;2 at Nz0 D
0:5 and at Nz0 D 0:14 are shown in Figs. 3a and 3b, respectively. In
Fig. 3a, 9max

1 > 9max
2 and R¤ D 9.c/ ¡ 9max

1 should be nonnega-
tive. The value of R¤ is nonnegativeat c¤ D 0:77, which maximizes
9.c/ D 91.c/, where R¤ D 0. From the value of c¤, a local layer
angle is determined as µ.0:5/ D 19:8 deg because s¤ is nonnega-
tive for 91.c/. In Fig. 3b it can be seen that 9max

1 D 9max
2 . Hence,

R¤ D 9.c/ ¡ 9max
1 and R¤ D 9.c/ ¡ 9max

2 should be nonnegative.
The value of c¤ D 0:91 that maximizes 9.c/ D 91.c/ gives a
nonnegative value of R¤ D 9.c/ ¡ 9max

1 , and c¤ D ¡0:79 that
maximizes9.c/ D 92.c/ gives a nonnegativevalue of R¤ D 9.c/ ¡
9max

2 . In this case, there exists a double solution of c¤, which yields
µ.0:14/ D ¡12:25 and µ .0:14/ D 71:1 deg, respectively.This means
that the layup function µ .Nz/ has a discontinuity at the position
Nz0 D 0:14. The layup function through the thickness is also shown
in Fig. 4. In Fig. 4, the discontinuity of µ.Nz/ occurs not only at
Nz0 D 0:14 but also at Nz0 D ¡0:68.

Depending on Nz D Nz0 , the two different c¤ that maximize 9.c/
can be found and yield a double solution of µ .Nz0/. This nonunique-
ness of µ.Nz0/ occurs only at a special position of Nz0 in which the
layup function has a discontinuity. In this case, the layup func-
tion and lamination parameters are determined uniquely because
the nonuniquenessoccurs locally on in� nitesimal interval ±.

On the other hand, there exist some cases where the nonunique-
ness of µ.Nz0/ provides a nonunique solution of the layup function
µ.Nz/. In the case of k A

1;4 D k B
1;4 D k D

1;4 D 0, for example, 91.c/ or
92.c/ can have two different maximum points depending on Nz0.
The double solution of c¤ for maximizing 91.c/ or 92.c/ provides
a double solution of µ.Nz0/. In this case, the nonuniquenessof µ.Nz0/
occurs at a partial region in the thickness of the laminate. In the

a) Åz0 = 0:5

b) Åz0 = 0:14

Fig. 3 Characteristics of W 1 and W 2 .

Fig. 4 Layup function through the thickness µ( Åz).

case of k A
1;3 D k B

1;3 D k D
1;3 D 0, the double solution of c¤ is obtained

for every in� nitesimal interval± on Nz0 2 [¡1; 1/ becausethe relation
9max

1 D 9max
2 holds at any positionof Nz0 . From the doublesolutionof

c¤, two different angles µ.Nz0/ are determined when considering the
sign of s¤. The nonuniqueness of µ.Nz0/ through the thickness also
occurs in the case of k A

3;4 D k B
3;4 D k D

3;4 D 0. In this case, the unique
c¤ gives §µ.Nz0/ because the dependencyon the sign of s has disap-
peared from the requirementin Eq. (28). When §µ.Nz0/ is chosen for
every in� nitesimal interval ± on Nz0 2 [¡1; 1/, an orthotropic lami-
nate is obtained.In the case of m1k A

i D m2k B
i D m3k D

i ; i D 1; 2; 3; 4;
where m1; m2; and m3 are constants,the nonuniquenessof µ.Nz0/ can
also happenbecause the dependencyon Nz0 is lost in the requirement
in Eq. (28). In those cases, the layup function µ .Nz/ cannot be de-
terminate uniquely due to the nonuniqueness of µ .Nz0/. When the
nonunique solutions of µ .Nz/ provide nonunique sets of lamination
parameters, the boundary of the feasible region is geometrically � at
in the given directionk. However, the hyperplane F remains unique
in spite of the nonuniquenessof layup functionµ.Nz/ and the implicit
nonuniquenessof the lamination parameters.
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From the general formulation in Eq. (13), the feasible region for
any set of lamination parameters can be obtained. When a desired
set of lamination parameters is speci� ed, some of the undesired
lamination parameters can be neglected due to their arbitrariness,
and others are vanished by imposing some conditionson µ.Nz/ such
as symmetry or orthotropy.

Feasible Region in Design Space
of Lamination Parameters

In the preceding section, a method for determining the boundary
of feasible region in the design space of all 12 lamination param-
eters is shown. In this section, we will apply the present method
to obtain the feasible region in several design spaces of lamina-
tion parameters.First, the feasible region for simple set of only two
lamination parameters will be obtained analytically to clarify the
relationbetween the nonuniquesolution of µ.Nz/ and the feasible re-
gion. Next, the feasible region for three different sets of lamination
parameters will be obtained numerically when considering the vi-
bration or buckling design of symmetrically laminated composites
as examples.

Feasible Region for »D
3;4

The feasible region in two-dimensional design space » D
3;4 is con-

sidered, where other lamination parameters are allowed to take ar-
bitrary values. The functional in Eq. (13) becomes

F D k D
3 » D

3 C kD
4 » D

4 (31)

and the local requirement at Nz0 is obtained from Eq. (28). The fol-
lowing 9.c/ can be obtained from Eq. (25) (the upper notation of
k D

3;4 is neglected from now on):

9.c/ D
»

3Nz2
0

£
k3

p
1 ¡ c2 C 2k4c

p
1 ¡ c2

¤
´ 91.c/; s ¸ 0

¡91.c/ ´ 92.c/; s · 0
(32)

The value of c¤ that maximizes 9.c/ should be determined. In
Eq. (32), c¤ that maximizes 9.c/ is determined independent of Nz0.
This means that the layup function µ.Nz/ is constant through the
thickness for a single solution c¤ in the case of 9max

1 6D 9max
2 and

that the laminate is unidirectional.Otherwise, when 9max
1 D 9max

2 ,
µ.Nz/ will be any combination of two angles corresponding to the
double solution of c¤ that gives 9max

1 and 9max
2 .

The solution c¤ is selected from the real roots of Eq. (30). For
present case, Eq. (30) becomes

4k4c2 C k3c ¡ 2k4 D 0 (33)

Because k4 D §
p

.1 ¡ k2
3/ from the condition in Eq. (17), the real

roots cr of Eq. (33) are given as follows:

cr D

8
>>>><

>>>>:

¡k3 §
p

32 ¡ 31k2
3

§8
p

1 ¡ k2
3

; k4 ¸ 0

k3 ¨
p

32 ¡ 31k2
3

§8
p

1 ¡ k2
3

; k4 < 0

(34)

Figure 5 shows the characteristics of 91 and 92 for every k3

in the case of k4 ¸ 0. In cross sections, the solid and dashed lines
show 91 and 92, respectively,and the dots show the valuesof c¤ and
maximumvaluesof 9.c/ that ful� ll the requirement.The maximum
value of 9.c/ is given by 9max

2 for ¡1 · k3 < 0 and given by 9max
1

for 0 < k3 · 1. In the case of k3 D 0, 9max
1 D 9max

2 is given, and
layup angle is not unique.

Because k D .k3; k4/ act on a unit circle, the relation between
.k3; k4/ and layupangleµ canbeobtainedfromTable1. Forexample,
in the case of k D .0; 1/, 9max

1 D 9max
2 are given for c¤ D §

p
.2/=2,

and µ D ¡67:5 or 22:5 deg is obtained. On the other hand, in the
case of k D .0; ¡1/, 9max

1 D 9max
2 at c¤ D §

p
.2/=2 is also observed,

but µ D ¡22:5 or 67:5 deg is obtained when considering the sign of
s¤. In these cases, the uniqueness of µ is lost, and the boundary of
feasibleregion is geometrically� at because the valueof » D

3 can take

Fig. 5 W 1 and W 2 for k4 ¸ 0.

Fig.6 Feasible region for
»D

3;4
(»A

1;2;3;4, »B
1;2;3;4 , »D

1;2:
arbitrary).

different values as a combinationof two given angles. The obtained
feasible region for » D

3;4 is shown in Fig. 6.
This simple analysis also can be done for other sets of two lami-

nation parameters. The only necessary condition is the two lamina-
tion parameters should be selected from the same category, that is,
in-plane, coupling, or out-of-plane. Note that for sets of two cou-
pling lamination parameters we should pay attention to the sign of
Nz0 in the analytic investigation.For three or four lamination param-
eters selected from the same category, it is much more dif� cult to
obtain the analytic solution because Eq. (30) is quartic. Moreover,
when the feasible region for a set of lamination parameters selected
from a different category is needed, a numerical procedure is nec-
essary to process the local requirement through the thickness for
small intervals ±.

Next, numerical examples will be given for symmetric laminated
plates. Hence, the four terms in Eq. (13) concerned with the cou-
pling lamination parameters vanish because » B

1;2;3;4 D 0 due to the
symmetric condition at the midplane.

Feasible Region for »D
1;2;3;4

Basedon theclassicallaminationtheory,thevibrationfrequencies
or bucklingloads for symmetric laminatedplates dependon the out-
of-plane stiffnesses Di j ; i; j D 1; 2; 6. Thus, the four out-of-plane
lamination parameters » D

1;2;3;4 that govern the stiffnesses Di j can be
usedas designvariables,whereasthe in-planelaminationparameters
» A

1;2;3;4 are allowed to take arbitrary values. Therefore, the feasible
region in the four-dimensionaldesign space of » D

1;2;3;4 is needed.The
feasible region for » D

1;2;3;4 is obtained by maximizing the following
functional F for all k D .k D

1 ; k D
2 ; k D

3 ; k D
4 /:

F D k D
1 » D

1 C k D
2 » D

2 C kD
3 » D

3 C k D
4 » D

4 (35)

Figure7 shows the feasibleregionobtainedby thepresentmethod,
where 36 £ 104 sets of k generated by a random number generator
are used.The obtainedfeasibleregion in the four-dimensionalspace
» D

1;2;3;4 is representedon the two-dimensionallaminationparameters
plane » D

1 ¡ » D
2 and » D

3 ¡ » D
4 . Figures 7a and 7b show the feasible

region of (» D
1 ; » D

2 ) for � xed value of » D
3;4 D 0 and the feasible region

of (» D
3 ; » D

4 ) for the � xed value of » D
1;2 D 0, respectively.

The feasible region among the four out-of-plane lamination pa-
rameters can beobtainedfrom the relationshipsthat replacing» A

1;2;3;4

with » D
1;2;3;4 in Eq. (12). The exact feasible regions corresponding
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Table 1 Layup angle µ depending on directions k3 and k4

Direction k3 D ¡1 ¡1 < k3 < 0 k3 D 0 0 < k3 < 1 k3 D 1

k4 D 1 9max
1 D 9max

2
µ D ¡67:5 or 22:5 deg

0 < k4 < 1 9max
1 < 9max

2 9max
1 > 9max

2
µ 2 .¡67:5; ¡45/ deg µ 2 .22:5; 45/ deg

k4 D 0 9max
1 < 9max

2 9max
1 > 9max

2
µ D ¡45 deg µ D 45 deg

¡1 < k4 < 0 9max
1 < 9max

2 9max
1 > 9max

2
µ 2 .¡45; ¡22:5/ deg µ 2 .45; 67:5/ deg

k4 D ¡1 9max
1 D 9max

2
µ D ¡22:5 or 67:5 deg

a) (»D
1 ; »D

2
) plane for »D

3;4 = 0

b) (»D
3 ; »D

4
) plane for »D

1;2 = 0

Fig. 7 Feasible region for »D
1;2;3;4

(»A
1;2;3;4: arbitrary, »B

1;2;3;4 = 0).

to the Figs. 7a and 7b are given by 2.» D
1 /2 ¡ 1 · » D

1 · 1 and
2.» D

3 /2 C .» D
4 /2 · 1, respectively. The feasible regions in Figs. 7a

and 7b coincide with those formulas. This result means that the
present method con� rms other results obtained in the literature10

and provides the feasible region of the lamination parameters
properly.

Feasible Region for »A
1;3; »D

1;2;3;4
Based on the � rst-order shear deformation theory, the vibration

frequencies or buckling loads for symmetric laminated plates de-
pend on both the stiffnesses Di j ; i; j D 1; 2; 6; and NAi j ; i; j D 4; 5.
In this case, the six lamination parameters » A

1;3; » D
1;2;3;4 can be

used as design variables, whereas » A
2;4 are allowed to take arbi-

trary values. Thus, the feasible region in six-dimensional design
space of » A

1;3; » D
1;2;3;4 is needed. The feasible region for » A

1;3; » D
1;2;3;4

is obtained by maximizing the following functional F for all
k D .k A

1 ; k A
3 ; k D

1 ; k D
2 ; kD

3 ; k D
4 /:

F D k A
1 » A

1 C k A
3 » A

3 C k D
1 » D

1 C k D
2 » D

2 C kD
3 » D

3 C k D
4 » D

4 (36)

Figure8 shows the feasibleregionobtainedby thepresentmethod,
where 36 £ 106 sets of k random generated are used. In Fig. 8,

a) (»D
1 ; »D

2
) plane for »A

1;3 = »D
3;4 = 0

b) (»D
3 ; »D

4
) plane for »A

1;3 = »D
1;2 = 0

Fig. 8 Feasible region for »A
1;3; »D

1;2;3;4
(»A

2;4: arbitrary, »B
1;2;3;4 = 0).

the obtained feasible region in the six-dimensionaldesign space of
» A

1;3; » D
1;2;3;4 is represented on the two-dimensional lamination pa-

rameters plane » D
1 ¡ » D

2 and » D
3 ¡ » D

4 . Figures 8a and 8b show the
feasible region of (» D

1 ; » D
2 ) for � xed values of » A

1;3 D » D
3;4 D 0 and

the feasible region of (» D
3 ; » D

4 ) for the � xed values of » A
1;3 D » D

1;2 D 0,
respectively.

When Fig. 8 is compared with Fig. 7, the feasible region of
(» D

1 ; » D
2 ) shown in Fig. 8a is smaller than that in Fig. 7a due to

an additional condition of » A
1;3 D 0. This additional condition also

cause the reduction in the feasible region of (» D
3 ; » D

4 ) as shown in
Fig. 8b. This shows that there exists a strong dependency between
» D

1;2;3;4 and » A
1;3 . Note that theadditionalcondition» A

1;3 D 0 has special
in� uence on the directions » D

1 and » D
3 .

Applying the present method to the determinationof the feasible
region for » A

1;3; » D
1;2;3;4 , the design of symmetric laminated plates

based on the � rst-order shear deformation theory can be undertaken
by using lamination parameters as design variables.

Feasible Region for »A
1;2; »D

1;2
In the orthotropic laminated cylindrical shells, the vibration fre-

quencies or buckling loads for orthotropic laminated plates depend
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a) (»A
1 ; »A

2
) plane for »D

1;2 = 0

b) (»D
1 ; »D

2
) plane for »A

1;2 = 0

Fig. 9 Feasible region for »A
1;2; »D

1;2
(»A

3;4 = 0, »B
1;2;3;4 = 0, »D

3;4 = 0).

on both the stiffnesses Di j ; i; j D 1; 2; 6; and Ai j ; i; j D 1; 2; 6;
where Ai6 D Di6 D 0; i D 1; 2. Thus, the four lamination parame-
ters » A

1;2; » D
1;2 can be used as design variables under the orthotropic

condition of » A
3;4 D » D

3;4 D 0. In this case, » A
3;4; » D

3;4 are not allowed
to take arbitrary values. However, this condition can be imposed
by the proper choice of the layup function µ.Nz/, that is, for ev-
ery Nz0 2 [¡1; 1/ a §µ.Nz0/ angle ply is considered. Therefore, only
» A

1;2; » D
1;2 are needed as design variables. The feasible region for

» A
1;2; » D

1;2 is obtained by maximizing the following functional F for
k D .k A

1 ; k A
2 ; k D

1 ; k D
2 /:

F D k A
1 » A

1 C k A
2 » A

2 C k D
1 » D

1 C kD
2 » D

2 (37)

Figure9 shows the feasibleregionobtainedby thepresentmethod,
where 36 £ 104 sets of k were generated randomly. In Fig. 9,
the obtained feasible region in the four-dimensional design space
» A

1;2; » D
1;2 represented on two-dimensional lamination parameters

plane » A
1 ¡ » A

2 and » D
1 ¡ » D

2 . Figures 9a and 9b show the feasible
region of (» A

1 ; » A
2 ) for » A

3;4 D » D
1;2;3;4 D 0 and the feasible region

of (» D
1 ; » D

2 ) for » A
1;2;3;4 D » D

3;4 D 0, respectively. The feasible re-
gion shown in Fig. 9b is the same as the region obtained in the
literature.8

The in� uence of the new imposed condition » A
2;4 D 0 can be ob-

served in Fig. 9b compared to Fig. 8a. In Fig. 8a, » A
2;4 were allowed

to take arbitrary values. In Fig. 9b, the size of the feasible region
decreases along the direction » D

2 . In Fig. 9, the relation between
(» A

1 ; » A
2 ) and (» D

1 ; » D
2 ) can be observed. When Fig. 9a is compared

with Fig. 9b, the feasible region of (» A
1 ; » A

2 ) in Fig. 9a is smaller than
that of (» D

1 ; » D
2 ) in Fig. 9b. This shows that the effect of (» D

1 ; » D
2 ) on

(» A
1 ; » A

2 ) and the effect of (» A
1 ; » A

2 ) on (» D
1 ; » D

2 ) is not the same.
When the feasible region for » A

1;2; » D
1;2 is obtained by using the

present method, the design of the orthotropic laminated cylindrical
shells can be done in its proper design space.

Conclusions
Based on a variational approach, a method for determining the

feasible region in general design space of 12 lamination parameters

is presented. The present method can provide the feasible region
for any set of lamination parameters. The feasible region for two
lamination parameters in the same category can be obtained ana-
lytically, and a comprehensive explanation about the � at region on
the boundary is given. In a numerical example, the feasible region
among four out-of-planelaminationparameters is obtained.The re-
sult is con� rmed by the analytic relationships between lamination
parameters. The feasible region that has remained unknown is also
obtained, and the effect of dependency among the lamination pa-
rameters on the feasibleregion is clari� ed. The presentmethod does
not give any explicit relationship between the lamination parame-
ters, but the boundary of the feasible region in any design space of
lamination parameters can be built numerically.
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