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Feasible Region in General Design Space of Lamination
Parameters for Laminated Composites

Cezar Gabriel Diaconu,* Masaki Sato,” and Hideki Sekine*
Tohoku University, Sendai 980-8579, Japan

In the classical lamination theory and the first-order shear deformation theory, the stiffnesses of laminated
composites can be expressed as linear functions of 12 laminationparameters. A method is presented for determining
the feasible region in general design space of 12 lamination parameters. In some optimization problems, the
local optimum can be avoided by using lamination parameters instead of layer angles and thicknesses. Thus,
the lamination parameters are useful design variables in the layup optimization for mechanical properties of
laminated composites. To perform the layup optimization, the feasible region of the lamination parameters needs
to be known. The lamination parameters are functionals of the distribution function of fiber orientation angles
through the thickness. In the determination of the feasible region, the laminate configurations are not restricted. In
the method, a variational approachis applied to find the boundary of the feasible region in the general design space
of 12 lamination parameters. The feasible region for any set of lamination parameters can be also obtained. With
use of the method, the feasible regions in four different design spaces are examined as an example. The reliability

and the validity of the method are confirmed.

Introduction

N the layup design of laminated composites, lamination param-

eters, which characterize laminate configurations (layer angles
and layer thicknesses), are useful design variables, and a layup op-
timization method using lamination parameters is one of the most
effective and reliable methods. To use the lamination parameters as
design variablesin optimization problems, the feasibleregionin the
design space of lamination parameters needs to be known.

In the classical lamination theory, the in-plane, coupling, and
out-of-plane stiffness components of laminated composites are ex-
pressed as linear functions of four in-plane, four coupling, and four
out-of-plane lamination parameters, respectively. These 12 lami-
nation parameters govern the stiffness characteristics of laminated
composites.' In the specially orthotropiclaminated plates and shells
that eliminate all coupling terms, the stiffness characteristics are
governed by two in-plane and two out-of-plane lamination param-
eters. Fukunaga and Hirano® have used the two out-of-plane lam-
ination parameters as design variables in the buckling design. The
fundamentalrelationshipbetween two in-plane or between two out-
of-plane lamination parameters and their feasible region have been
derived by Miki** and by Fukunaga and Chou.>® Fukunaga and
Vanderplaats’ examined the relationship between two in-plane and
two out-of-plane lamination parameters for the buckling design of
orthotropic laminated cylindrical shells, although the obtained fea-
sible region has been proved to be small in a later study performed
by Grenestedtand Gudmundson ® Giirdal et al.” used lamination pa-
rameters to examine discrete optimization problems for laminated
composites consisting of layers with equal thickness and restricted
layer angles. In the symmetrically laminated plates with extension-
shear or bending-twisting coupling, the four in-plane or four out-
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of-plane lamination parameters can be used as design variables,
where the four coupling lamination parameters are vanished due
to the midplane symmetry assumption. The explicitfeasible region
among four in-plane or four out-of-planelamination parameters has
been derived by Fukunagaand Sekine'® following a few preliminary
studies'!""'? that were performed earlier. The lamination parameters
have been used successfully as design variables in the optimization
problems for vibration,'® buckling,'* and topologicaldesign.'

In the first-order shear deformation theory, the shear stiffness
should also be considered. Grenestedt'® has provided the lamination
parameters for Reissner-Mindlin plates, where it was shown that
the shear stiffness components can be expressed by two in-plane
lamination parameters. Therefore, the feasible region considering
the couplingeffectbetween the in-planeand out-of-planelamination
parameters is required even if the laminated plates have symmetric
layup. However, the relationship between in-plane and out-of-plane
lamination parameters has not been derived so far.

Foldager et al.!” have proposed a layup optimization approach
using the convexity in the feasible region of lamination parameters,
where 12 lamination parameters are introduced based on the first-
order shear deformation theory. Grédiac'® has examined another
layup design procedure for classical lamination theory in which 12
lamination parameters are used in the objective function for de-
signing laminated plates with required stiffness properties. In both
studies'”"!® the design variables are not lamination parameters but
layer angles for every layer. Therefore, the investigation into the
feasible region of the lamination parameters has not been made.

To obtain the global optimum in the layup design of laminated
composites, the lamination parameters should be used as design
variables instead of layer angles and layer thicknesses. The effec-
tiveness of the lamination parameters has been shown theoretically
in the research work performed by Grenestedtand Gudmundson.® In
this study, the convexity of the feasible region of lamination param-
eters is proved when there is no restrictionon layer angles and layer
thicknesses. Moreover, the feasible region of lamination parameters
for the orthotropic laminated shells is obtained analytically using a
variational approach.

The present paper shows a method for determining the feasible
regionin general design space of 12 lamination parametersbased on
avariationalapproach.The 12 lamination parameters are considered
for a full utilization of lamination parameters in the determination
of the feasible region. To clarify the matters that demand special at-
tention in the present method, the feasibleregion for a simple design
space is examined analytically. The feasible regions in three differ-
ent design spaces for vibration or buckling design of symmetrically
laminated composites are also examined numerically as examples
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of practical application. The dependency among the lamination pa-
rameters on the feasible region is also discussed by comparing the
obtained feasible regions.

Stiffness Characteristics and Lamination Parameters

In the first-order shear deformation theory, the constitutive equa-
tions for the laminated composites are expressed in matrix form
as

N A B 0 €
0 0 0 A Yo

where N, M, and Q are the stress, moment, and transverse shear
stress resultants, respectively; €y, K, and =y, are the strains, the cur-
vatures at the midplane, and the transverse shear strains, respec-
tively; and A, B, D, and A are the in-plane, coupling, out-of-plane,
and shearstiffnesses,respectively.In the classicallaminationtheory,
the effect of transverse shear is neglected.

When the stiffness invariants and the lamination parameters are
introduced, the stiffnesscomponents A;;, B;;, and D;;, i, j =1, 2, 6,
and also A;;, i, j =4, 5, can be expressed as follows'®:
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where & is the thickness of the plate and K is the shear correction

factor. The stiffnessinvariantsU;, i =1, 2,3,4,5,and U;,i =1, 2,
are material parameters defined as follows:
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where
01, = Ei /(1 —vppvy),
Q/lz = VZIQ/H = VIZQ/zp

Q;5 = G317

05, = Epn/(1 —vipva)
Q;M = G23
Qi =Gz (®)

In Eq. (8), Ei1, Ex, G2, Gos, G3y, and vy, are engineering con-
stants of a unidirectional laminate. The lamination parameters in
Eqgs. (2-5) are defined as follows:

|
511?.2.3.41 = %fl[cos 20(z), cos46(z), sin260(z), sin40(z)] dz
B ©)

1
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where &', 5 ,, £%,5 4, and &P, 5, are the in-plane, coupling, and
out-of-plane lamination parameters, respectively, and 6(2) is the
distribution function of the fiber orientation angles through the nor-
malized thickness Z(= 2z/h). Note that these 12 lamination param-
eters are not independentbecause they are functionals of the layup
function 6(z). In the symmetric laminates, the relationships among
&, ;4 oramongé&p, ; , were obtainedanalyticallyin the literature.'®
The relationships among 51/?2,3, 4 are expressed as follows:

2(6/) — 1<t < 1-2(g0)’
2(1+&0) (&) —dgperep + (1)
<[&r —2(60) +1](1 - &) (12)

The relationshipsamong &, 5 , for the symmetric laminates are ob-
tained by replacing &, , , with £, ; , in Eq. (12). These relation-
ships show the feasible region in the design space of the lamination
parameters.

In the first-order shear deformationtheory, as well as in the classi-
cal lamination theory, all stiffness components are linear functions
of the lamination parameters. Thus, the nonlinearity between the
objective functions (stiffnesses, vibration frequencies, or buckling
loads) and the design variables can be reduced remarkably, and the
optimization problems are easy to solve by an introduction of lam-
ination parameters.

In the optimization method using lamination parameters as de-
sign variables, the feasible region of the lamination parameters
needs to be known because the feasible region should be consid-
ered as a constraint. The feasible region of lamination parameters
has been obtained analytically only for some specific sets of lamina-
tion parameters.”® The feasible region for other sets of lamination
parameters has remained unknown. This lack of knowledge of the
feasibleregionis an obstaclein the use of the lamination parameters
as design variables.

Feasible Region Determination

Various sets of lamination parameters are necessary for different
optimization problems. In this section, we deal with a variational
method® extended to determine the feasible region for any desired
set of lamination parameters.

In the general design space of all 12 lamination parameters, the
boundaryof the feasibleregion is obtained by determiningthe layup
function 6(z) that maximizes the following functional:

FIO@I=KE + K8 + & + R +h7E0 + K8 + 1787

1

LRPEP 1 RPED 4 KDED + KPED + RPED = f GIE, ()] dz

—1
(13)
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Fig.1 Feasible region of lamination parameters.
where
4

GIZO@] = Y 2D AI0G)] (14)
i=1

& @) =3k} + k7 + kP77 (15)
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4
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In a geometrical interpretation, F is constant on a hyperplane
whose unit normal is k= (k{, ... k} kB, .. kE KD, kD).
The hyperplane is translated in the normal direction when F in-
creases. The limit of the feasibleregion of the lamination parameters
is reached at maximum F for given k. In this case, the hyperplane
comes into contact with the boundary of the feasible region, as
shown in Fig. 1. Because of the convexity of the feasible region
of lamination parameters? the boundary of the feasible region is
determined by obtaining the hyperplanes for all directions k.

The problem s to obtain the layup function 6 (z) that maximize F
for given k. Because the layup function 6(z) can be discontinuous,
the Euler equation has no meaning for this problem. An alternative
formulationfor determining € (z) to maximize F is givenas follows:

FIO@)] = FI0() +¢(@)]=0 (18)

where ¢(z) is a piecewise continuous test function chosen as a
narrow peak at zp € [—1, 1):

Y

Zo+6
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-1

Fig.2 Layup function 0 () and test function ¢ (7).

When the test function is introduced, the requirement for deter-
mining local 6 (zo) is derived as follows:

F0(@)] = FI0(2) + ¢ ()]

1
/ {G[z,0(@)] — Glz,0(2) + ¢(2)]} dz
—1
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SR>0 (20)

N =

The value of R should be nonnegative for arbitrary A to maximize
G at local z,. When trigonometric functions are used, R can be
expressed as follows:

R=2g(c —ca) +4g:(c* —c}) +285(5 —5a) +484(cs — casa)
(21)

where
8 = 8 (o) (22)
¢ = cos[20(zo)], cp = cos[20(Zp) + 2A]
s = sin[26(20)], sa = sin[20(Zp) + 2A] (23)

Because the value of A is arbitrary, (cA, 55) takes an arbitrary point
on a unit circle. In the following expression, the value of R should
be nonnegative for arbitrary c, € [—1, 1]:

R=V(c)—W(,) >0 24)
$(@) = A[HZ —Z20) — H(Z — 2 — §)] (19) where
Vo) {2g1c+4g2c2+2g3«/1—c2+4g4c«/1—c25\lll(c), s>0 25)
C) =
2g1¢+4g,c% — 2g3v 1 — 2 —4dgie 1 — ¢ = Wy (o), s <0

Wiey) = 2810a + 4863 +283y/1 — A +4gicay/1 — ¢4 = Wi(ca), sp >0 26)

A) =

2g1ca + 4868 — 283/ 1 — ¢ —4gucay/1 — i = Wa(cy), sa <0

where H is the Heaviside step function and § and A are the width
and the height of the peak. The layup function 6(z) and the test
function ¢ (z) are shown in Fig. 2, where § is infinitesimal and
positive, whereas A is an arbitrary angle.

In the case of s =0, the value of W, (¢) is equal to the value of W, (¢),
and W (cp) = W, (cp) for s, =0. When the variety of W(c,) due
to the arbitrariness of ¢, is considered, the following R* should be
nonnegative:
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R* = W(c)— W™ >0 27

where W™ shows the maximum value of W (c,). When R* is non-
negative, R is also nonnegativefor arbitrary c,. R* can be classified
as follows:

W(c) — WP > 0,
R = | W) — W >0,
W(c) — WM = W(c) — WP > 0,

max max
wma s

max max
gma o

max _ \Jymax
\yl - \IIZ

(28)
where W' and W]"* are the maximum valueof W, (c,) and W, (c,),
respectively. When W™ is greater than W;***, then W™ is given by
W In this case, the only ¢* for maximizing ¥ (¢) = ¥, (¢) fulfills
the requirement of R* > 0. On the otherhand, when W}'** is greater
than W™, only the value of ¢* for maximizing ¥ (c) = W, (c) ful-
fills R* > 0. Note, when W, (c) or W,(c) has its maximum at more
than one point, we have a nonunique solution of ¢*. In the case of
W = Pi¥ we also have nonunique solution of ¢* because ¢* for
maximizing both W, (c) and W,(c) fulfills R* > 0. Therefore, the
value of ¢* that gives maximum value of W (c) fulfills the require-
ment.
The value of ¢* can be found by solving the following extremum
condition:

v (c) -0
ac

oW (c) —0

ac (29)

Equation (29) leads to the following quartic equation with respect
toc:

16(g2 + g2)c* + 8(g182 + g38)¢> + [ (87 + 82)

—16(g2 + g2) > — 4(2818> + g38)c — (82 —4g2) =0
(30)

From the real roots ¢, € [—1, 1] of Eq. (30), c¢* is selected to obtain
the maximum value of W(c). The local layer angle 0(z,) is deter-
mined from the value of ¢* considering the sign of s*. The layup
function 6(Z) is obtained by determining 6(Z,) for every infinitesi-
mal interval § on zp € [—1, 1]).

Typical examples of the characteristics of W;, are shown in
Fig. 3, where k=(0.16, 0.20, —0.32, 0.36, —0.16, 0.24, 0.32,
0.36, 0.20, —0.24, 0.36, 0.40) is given. The values of ¥, , at Z, =
0.5 and at zp =0.14 are shown in Figs. 3a and 3b, respectively. In
Fig. 3a, U™ > W and R* =W (c) — W™ should be nonnega-
tive. The value of R* is nonnegativeat ¢* = 0.77, which maximizes
W (c)=W¥,(c), where R* =0. From the value of ¢*, a local layer
angle is determined as 6(0.5) =19.8 deg because s* is nonnega-
tive for ¥, (c). In Fig. 3b it can be seen that W{"** = W**_ Hence,
R*=W(c) — Y™ and R* =W (c) — W™ should be nonnegative.
The value of ¢*=0.91 that maximizes W(c)=W(c) gives a
nonnegative value of R*=W(c)— ¥, and ¢*=-0.79 that
maximizes W (c) = W,(c) gives anonnegativevalue of R* = W (c) —
W 1In this case, there exists a double solution of ¢*, which yields
0(0.14) =—12.25and 6(0.14) =71.1 deg, respectively. This means
that the layup function 6(z) has a discontinuity at the position
Zp =0.14. The layup function through the thickness is also shown
in Fig. 4. In Fig. 4, the discontinuity of 6(z) occurs not only at
Zo =0.14 but also at 7, = —0.68.

Depending on Z = Z;, the two different ¢* that maximize W(c)
can be found and yield a double solution of 6 (z,). This nonunique-
ness of 6(Zy) occurs only at a special position of Z, in which the
layup function has a discontinuity. In this case, the layup func-
tion and lamination parameters are determined uniquely because
the nonuniquenessoccurs locally on infinitesimal interval §.

On the other hand, there exist some cases where the nonunique-
ness of 6(zy) provides a nonunique solution of the layup function
6(z). In the case of k', =k, =k, =0, for example, ¥,(c) or
W, (c) can have two different maximum points depending on Z,.
The double solution of ¢* for maximizing W, (c) or ¥, (c) provides
a double solution of 6(Zy). In this case, the nonuniquenessof 6(zo)
occurs at a partial region in the thickness of the laminate. In the

1 “P max

-1 -0.5 0 05 077 A

corec,
a)zp=0.5
: max maX:
05 \_&Tz \P 1 1
o
O | O, :
B :
s v, s
-05f :
-1-0.79 -0.5 0 0.5 0.91
corc
A
b)Zy=0.14
Fig.3 Characteristics of ¥; and P,
1
0.5t
0.94} - - -—————————d
IN ot
—0.5f
_0.68F------- \ -------------

2190 -60 -30 30 60 90

0
6 (deg.)
Fig.4 Layup function through the thickness 6(2).

case of k', =k, =k, =0, the double solution of ¢* is obtained
for every infinitesimalinterval § on zy € [—1, 1) becausethe relation
W = Wi holds at any positionof Zo. From the double solution of
c*, two different angles 6(z,) are determined when considering the
sign of s*. The nonuniqueness of 6(z) through the thickness also
occurs in the case of kf', =k?, =k, =0. In this case, the unique
c* gives £0(zy) because the dependency on the sign of s has disap-
peared from the requirementin Eq. (28). When 6(Z,) is chosen for
every infinitesimal interval § on z, € [—1, 1), an orthotropic lami-
nateis obtained.Inthe case of m k! =mykP =m;kP i=1,2,3, 4,
wherem, m,, and mj are constants,the nonuniquenessof 6(z,) can
also happen because the dependencyon Z, is lost in the requirement
in Eq. (28). In those cases, the layup function 6(Z) cannot be de-
terminate uniquely due to the nonuniqueness of 6(zp). When the
nonunique solutions of 6 (z) provide nonunique sets of lamination
parameters, the boundary of the feasible region is geometrically flat
in the given directionk. However, the hyperplane F remains unique
in spite of the nonuniquenessof layup function 6 (z) and the implicit
nonuniqueness of the lamination parameters.
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From the general formulation in Eq. (13), the feasible region for
any set of lamination parameters can be obtained. When a desired
set of lamination parameters is specified, some of the undesired
lamination parameters can be neglected due to their arbitrariness,
and others are vanished by imposing some conditionson 6(z) such
as symmetry or orthotropy.

Feasible Region in Design Space
of Lamination Parameters

In the preceding section, a method for determining the boundary
of feasible region in the design space of all 12 lamination param-
eters is shown. In this section, we will apply the present method
to obtain the feasible region in several design spaces of lamina-
tion parameters. First, the feasible region for simple set of only two
lamination parameters will be obtained analytically to clarify the
relation between the nonunique solution of 6 (z) and the feasible re-
gion. Next, the feasible region for three different sets of lamination
parameters will be obtained numerically when considering the vi-
bration or buckling design of symmetrically laminated composites
as examples.

Feasible Region for 52 4

The feasible region in two-dimensional design space 53[_’4 is con-
sidered, where other lamination parameters are allowed to take ar-
bitrary values. The functional in Eq. (13) becomes

F=ki& +kJE’ (31)

and the local requirement at Z, is obtained from Eq. (28). The fol-
lowing W(c) can be obtained from Eq. (25) (the upper notation of
k2, is neglected from now on):

W) = 322 kT =+ 2kyeV/T— | = Wi(0), 520
-0 =%, s <0

(32)
The value of ¢* that maximizes W(c) should be determined. In
Eq. (32), ¢* that maximizes W(c) is determined independent of Z,.
This means that the layup function 6(z) is constant through the
thickness for a single solution ¢* in the case of W™ # WX and
that the laminate is unidirectional. Otherwise, when W["* = yhax,
0(z) will be any combination of two angles corresponding to the
double solution of ¢* that gives W™* and W**.
The solution c* is selected from the real roots of Eq. (30). For
present case, Eq. (30) becomes

4k4C2 + k}C - 2k4 =0 (33)

Because ks = £4/(1 — k%) from the condition in Eq. (17), the real
roots ¢, of Eq. (33) are given as follows:

—ks + /32 = 312

ky >0
+8/1— 12 o)
¢ = -
ks F /32— 31K2 . o
_—, 4 <
+8/1 - K2

Figure 5 shows the characteristics of W, and W, for every k;
in the case of k, > 0. In cross sections, the solid and dashed lines
show W, and W,, respectively,and the dots show the values of ¢* and
maximum values of W (c) thatfulfill the requirement. The maximum
value of W (c) is given by W)™ for —1 <k; < 0 and given by ¥"™*
for 0 <k; < 1. In the case of k3 =0, U™ = W™~ is given, and
layup angle is not unique.

Because k = (k3, k;) act on a unit circle, the relation between
(k3, k4) andlayupanglef canbe obtainedfrom Table 1. Forexample,
in the case of k= (0, 1), W™ = W™ are given for c¢* = + /(2)/2,
and 8 = —67.5 or 22.5 deg is obtained. On the other hand, in the
caseof k= (0, —1), W™ = W™ atc* = +./(2) /2 is also observed,
but & = —22.5 or 67.5 deg is obtained when considering the sign of
s*. In these cases, the uniqueness of @ is lost, and the boundary of
feasibleregionis geometrically flat because the value of € can take

SO LI,

1.5 — :
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-15
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Fig.5 W¥;and ¥, forky > 0.
1
-67.5° 225°
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o —45° 45° i i i
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D (¢A B D .
53,4.(51,2,3,4’ 51,2,3,4’ 61,2'
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-0.5
o] o]
-22.5 67.5
-1 -0.5 0 0.5 1
gD
3

different values as a combination of two given angles. The obtained
feasible region for £, is shown in Fig. 6.

This simple analysis also can be done for other sets of two lami-
nation parameters. The only necessary conditionis the two lamina-
tion parameters should be selected from the same category, that is,
in-plane, coupling, or out-of-plane. Note that for sets of two cou-
pling lamination parameters we should pay attention to the sign of
Zy in the analytic investigation. For three or four lamination param-
eters selected from the same category, it is much more difficult to
obtain the analytic solution because Eq. (30) is quartic. Moreover,
when the feasibleregion for a set of lamination parameters selected
from a different category is needed, a numerical procedure is nec-
essary to process the local requirement through the thickness for
small intervals 8.

Next, numerical examples will be given for symmetric laminated
plates. Hence, the four terms in Eq. (13) concerned with the cou-
pling lamination parameters vanish because &, ; , =0 due to the
symmetric condition at the midplane.

Feasible Region for éﬁ 23.4

Based on the classicallaminationtheory, the vibrationfrequencies
or bucklingloads for symmetric laminated plates depend on the out-
of-plane stiffnesses D;;, i, j =1, 2, 6. Thus, the four out-of-plane
lamination parameters §”, 5 , that govern the stiffnesses D;; can be
used as designvariables,whereas the in-planelamination parameters
&, 5.4 are allowed to take arbitrary values. Therefore, the feasible
regionin the four-dimensionaldesign space of & 1[)22 4 isneeded. The
feasible region for &7, , , is obtained by maximizing the following
functional F for all k = (kP , k2, kP, kD):

F=kPE) + k78 + k787 + k&7 (35)

Figure 7 shows the feasibleregionobtainedby the presentmethod,
where 36 x 10 sets of k generated by a random number generator
are used. The obtainedfeasibleregion in the four-dimensionalspace
&P, 5.4 is representedon the two-dimensional lamination parameters
plane §? — £ and £ — &P. Figures 7a and 7b show the feasible
region of (&7, &) for fixed value of £, =0 and the feasible region
of (&7, &) for the fixed value of &P, =0, respectively.

The feasible region among the four out-of-plane lamination pa-
rameters can be obtained from the relationshipsthatreplacing&1, , ,
with £, ,, in Eq. (12). The exact feasible regions corresponding
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Table 1 Layup angle 6 depending on directions k3 and k4

Direction ky=—1 —1<k3 <0 k3=0 O<kz<l1 k=1
k4 — 1 \IIIITIBX — \II;I'IBX
0 =—67.5 or 22.5deg
0<ky<1 W < PR W > e
1 1
0 € (—67.5, —45) deg 0 € (22.5,45) deg
k4 :0 \IIITIBX < \IIITIBX \IIITIBX > \IIITIBX
1 2 1 2
0 = —45 deg 0 =45 deg
_1 < k4 < 0 \IIITIBX < \IIITIBX \IIITIBX > \IIITIBX
1 2 1 2
0 € (—45, —22.5) deg 0 € (45, 67.5) deg
ky=—1 W = g

0 =—22.5 or 67.5 deg

|
1

R
N
S

b) (ég) R 641)) plane for 5{),2 =0

Fig.7 Feasible region for 6{)2 34 (é‘i’ 5.3.4° arbitrary, éfz 34=0)

to the Figs. 7a and 7b are given by 2(§°)>—1<&P <1 and
2(62)? + (£P)* <1, respectively. The feasible regions in Figs. 7a
and 7b coincide with those formulas. This result means that the
present method confirms other results obtained in the literature'®
and provides the feasible region of the lamination parameters

properly.

Feasible Region for 6‘1{3, éﬁ 23.4

Based on the first-order shear deformation theory, the vibration
frequencies or buckling loads for symmetric laminated plates de-
pend on both the stiffnesses D;;, i, j =1, 2, 6, and A;;, i, j =4, 5.
In this case, the six lamination parameters &5, & 5, can be
used as design variables, whereas §f4 are allowed to take arbi-
trary values. Thus, the feasible region in six-dimensional design
space of §1, &P, 1, is needed. The feasible region for £';, &P, , ,
is obtained by maximizing the following functional F for all
k= k3 kD kD k2 kD)

F= kf‘fl" + k?f? + kfjng + kszzD + ké)%D + kf@D (36)

Figure 8 shows the feasibleregionobtainedby the presentmethod,
where 36 x 10° sets of k random generated are used. In Fig. 8,

b) (ég), 641)) plane for 6‘1{3 = 5{),2 =0

Fig. 8 Feasible region for 6?3’ 6{)2 34 (6‘24: arbitrary, éfz 34=0)

the obtained feasible region in the six-dimensional design space of
&, €0, 5 4 is represented on the two-dimensional lamination pa-
rameters plane £&” — &P and £ — & Figures 8a and 8b show the
feasible region of (57, £)”) for fixed values of §'; =£, = 0 and
the feasibleregion of (&, §) for the fixed valuesof £/, = § 2, =0,
respectively.

When Fig. 8 is compared with Fig. 7, the feasible region of
(67, &) shown in Fig. 8a is smaller than that in Fig. 7a due to
an additional condition of &;'; = 0. This additional condition also
cause the reduction in the feasible region of ($3D, §4D) as shown in
Fig. 8b. This shows that there exists a strong dependency between
&7, 5, and &', Note that the additionalcondition& !, = 0 has special
influence on the directions & and &.

Applying the present method to the determination of the feasible
region for &/, &P, ,,, the design of symmetric laminated plates
based on the first-order shear deformation theory can be undertaken
by using lamination parameters as design variables.

Feasible Region for 6;’2, 6{)2
In the orthotropic laminated cylindrical shells, the vibration fre-
quencies or buckling loads for orthotropic laminated plates depend
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-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1

b) (5{) R éf) plane for 5?,2 =0

Fig.9 Feasible region for éiz, 5{),2 (5?74 =0,¢8

= D _
12,34 7 0, 63,4 =0).

on both the stiffnesses D;;, i, j=1, 2, 6, and A;;,i, j=1, 2, 6,
where A;s = D;s=0,7 =1, 2. Thus, the four lamination parame-
ters &', £, can be used as design variables under the orthotropic
condition of &', =&, =0. In this case, &', £, are not allowed
to take arbitrary values. However, this condition can be imposed
by the proper choice of the layup function 6(z), that is, for ev-
ery zp € [—1, 1) a 6(Z) angle ply is considered. Therefore, only
&, €7, are needed as design variables. The feasible region for
£',, &P, is obtained by maximizing the following functional F for
k= k5 kP kD):

F=k'e! + k& + k&0 + k€ (37)

Figure9 shows the feasibleregionobtainedby the presentmethod,
where 36 x 10* sets of k were generated randomly. In Fig. 9,
the obtained feasible region in the four-dimensional design space
£, &P, represented on two-dimensional lamination parameters
plane & — &' and £§P — &. Figures 9a and 9b show the feasible
region of (§%,&}') for &', =&",;,=0 and the feasible region
of (£7,&)) for &',,,=¢&P, =0, respectively. The feasible re-
gion shown in Fig. 9b is the same as the region obtained in the
literature®

The influence of the new imposed condition §;', =0 can be ob-
servedin Fig. 9b compared to Fig. 8a. In Fig. 8a, §£4 were allowed
to take arbitrary values. In Fig. 9b, the size of the feasible region
decreases along the direction &. In Fig. 9, the relation between
(&1, &) and (P, £) can be observed. When Fig. 9a is compared
with Fig. 9b, the feasibleregion of (£, &,;') in Fig. 9a is smaller than
that of (£, &) in Fig. 9b. This shows that the effect of (£, £,) on
(&1, &) and the effect of (£, &) on (£, &) is not the same.

When the feasible region for &/',, §7, is obtained by using the
present method, the design of the orthotropic laminated cylindrical
shells can be done in its proper design space.

Conclusions

Based on a variational approach, a method for determining the
feasible region in general design space of 12 lamination parameters

is presented. The present method can provide the feasible region
for any set of lamination parameters. The feasible region for two
lamination parameters in the same category can be obtained ana-
lytically, and a comprehensive explanation about the flat region on
the boundary is given. In a numerical example, the feasible region
among four out-of-planelamination parametersis obtained. The re-
sult is confirmed by the analytic relationships between lamination
parameters. The feasible region that has remained unknown is also
obtained, and the effect of dependency among the lamination pa-
rameters on the feasibleregion s clarified. The present method does
not give any explicit relationship between the lamination parame-
ters, but the boundary of the feasible region in any design space of
lamination parameters can be built numerically.

References

ITsai, S. W., and Hahn, H., Introduction to Composite Materials, Tech-
nomic, Lancaster, PA, 1980, pp. 232-239.

ZFukunaga, H., and Hirano, Y., “Stability Optimization of Laminated
Composite Plates Under In-Plane Loads,” Proceedings of the Fourth In-
ternational Conference on Composite Materials, Vol. 1, Japan Society for
Composite Materials, Tokyo, 1982, pp. 565-572.

3Miki, M., “Material Design of Composite Laminates with Required In-
Plane Elastic Properties,” Proceedings of the Fourth International Confer-
ence on Composite Materials, Vol. 2, Japan Society for Composite Materials,
Tokyo, 1982, pp. 1725-1731.

4Miki, M., “Design of Laminated Fibrous Composite Plates with Required
Flexural Stiffness,” Recent Advances in Composites in the United States and
Japan, American Society for Testing and Materials, Philadelphia, STP 864,
1985, pp. 387-400.

SFukunaga, H., and Chou, T. W., “On Laminated Configurations for Si-
multaneous Failure,” Journal of Composite Materials, Vol. 22, No. 3, 1988,
pp- 271-286.

GFukunaga, H., and Chou, T. W., “Simplified Design Techniques for
Laminated Cylindrical Pressure Vessels Under Stiffness and Strength Con-
straints,” Journal of Composite Materials, Vol. 22, No. 12,1988, pp. 1156~
1169.

7Fukunaga, H., and Vanderplaats, G. N., “Stiffness Optimization of Or-
thotropic Laminated Composites Using Lamination Parameters,” AIAA Jour-
nal, Vol. 29, No. 4, 1991, pp. 641-646.

8Grenestedt, J. L., and Gudmundson, P., “Layup Optimization of Com-
posite Material Structures,” Proceedings of IUTAM Symposium on Optimal
Design with Advanced Materials, Elsevier Science, Amsterdam, 1993, pp.
311-336.

9Gurdal, Z., Haftka, R. T., and Hajela, P., Design and Optimization of
Laminated Composite Materials, Wiley, New York, 1999, Chap. 4.

IOFukunaga, H., and Sekine, H., “Stiffness Design Method of Symmetric
Laminates Using Lamination Parameters,” AIAA Journal, Vol. 30, No. 11,
1992, pp. 2791-2793.

"'Miki, M., and Fujii, T., “Material Design of Laminated Fibrous Com-
posites with Required Bending-Twisting Coupling,” Material System, Vol. 4,
1985, pp. 61-65 (in Japanese).

12Grenestedt, J. L., “Layup Optimization Against Buckling of Shear Pan-
els,” Structural Optimization, Vol. 3, July 1991, pp. 115-120.

'3Fukunaga, H., Sekine, H., and Sato, M., “Optimal Design of Symmet-
ric Laminated Plates for Fundamental Frequency,” Journal of Sound and
Vibration, Vol. 172, No. 2, 1994, pp. 219-229.

'4Fukunaga, H., Sekine, H., Sato, M., and Iino, A., “Buckling Design of
Symmetrically Laminated Plates Using Lamination Parameters,” Composite
Structures, Vol. 57, No. 4, 1995, pp. 643-649.

I5Hammer, V. B., Bendsge, M., Lipton, R., and Pedersen, P., “Pa-
rameterization in Laminate Design for Optimal Compliance,” Interna-
tional Journal of Solids and Structures, Vol. 34, No. 4, 1997, pp. 415-
434,

16Grenestedt, J. L., “Lamination Parameters for Reissner-MindlinPlates,”
AIAA Journal, Vol. 32, No. 11, 1994, pp. 2328-2331.

l7Foldager,]., Hansen, J. S.,and Olhoff, N., “A General Approach Forcing
Convexity of Ply Angle Optimization in Composite Laminates,” Structural
Optimization, Vol. 16, No. 2/3, 1998, pp. 201-211.

18Grédiac, M., “A Procedure for Designing Laminated Plates with Re-
quired Stiffness Properties. Application to Thin Quasi-Isotropic Quasi-
Homogeneous Uncoupled Laminates,” Journal of Composite Materials,
Vol. 33, No. 20, 1999, pp. 1939-1956.

E. Livne
Associate Editor



